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Abstract 
Duchet, P. and H. Meyniel, Kernels in directed graphs: a poison game, Discrete Mathematics 115 
(1993) 273-276. 
We consider a two player game on a progressively and locally finite directed graph and we prove 
that the first player wins if and only if the graph has a local kernel. The result is sharp. From it, we 
derive a short proof of a general version of the Galeana-Sanchez & Neuman-Lara Theorem that give 
a sufficient condition for a digraph to be kernel-perfect. 
The graphs we consider here are directed graphs without loops or multiple arcs (but 
pairs of opposite arcs are allowed). In a graph D, with vertex set V(D), a sequence 
~=X1, X2, . . ..Xi. . . . of vertices such that every Xi + I is a successor of xi is called a walk. 
If the xis are all different 0 is a path. We are mostly interested in graphs which are 
outwardlyfinite (only a finite number of successors for every vertex) or progressively 
jinite (no vertex is the origin of an infinite path). For S c V(D), we set 
I-,‘(S)={UEV(D)( su is an arc of D for some SES} 
The set rjj (S) of predecessors is defined analogously. A local-kernel (‘semi-kernel’ 
in [3]) of D is a non-empty independent set L c V(D) such that every element of 
ri (L) has a successor in L. If, in addition, we have V(D)= Lu r, (L), the set L 
is called a kernel of D. A kernel of the graph D-’ (were all arcs are reversed) is 
usually referred to as a solution of D since the introduction by Van Neumann and 
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Morgenstern of this important notion in the Theory of Games (in [S], games are 
modelized by graphs). A graph is kernel-perfect [2] if every induced subgraph has 
a kernel, or, equivalently [3], if every induced subgraph has a local kernel. The interest 
in those concepts, was recently enhanced by a conjecture which would provide 
a characterization of perfect graphs in terms of kernels; see [l] for an up-to-date 
survey on the conjecture and on kernel-existence theorems. 
Let us introduce now the rules of the ‘Poison Game’ played on graph D: two players 
A and B play alternatively, choosing in turn a vertex which is a successor of the vertex 
precedently chosen by his opponent. Player A starts, selecting a vertex of his choice. 
Player B ‘poisons’ the vertices on which he plays (the poison B uses is an anti-A 
poison: it has no influence on B who can occupy a poisoned vertex as many times as 
he wants). We prove (Theorem 1) that, in a outwardly and progressively finite graph, 
player A is not poisoned if and only if the graph has a local kernel. Notice that 
A survives if B is unable to play at some stage of the game. 
The theorem may fail if finiteness assumptions are relaxed: we invite the reader to 
find a surviving strategy for player A in the Danaids barrel (locally finite but not 
progressively finite: Fig. 1) and in the Sisyphus graph (progressively finite with finite 
semi-degrees except for one vertex: Fig. 2). None of this digraphs has a local kernel. 
The result provides a short proof of a powerful1 existence theorem for kernels in 
directed graphs, due to Galeana-Sanchez and Neumann-Lara [3], and a standard 
compactness argument extends the theorem to outwardly finite graphs. 
Theorem 1. Let D be a progressively and outwardlyjnite directed graph. Player A can 
survive to the poison game on D if and only $0 has a local kernel. 
Fig. 1. The Danaids barrel. 
. . . 
I 
Fig. 2. The Sisyphus graph. 
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Proof. The ‘if part’ is obvious: A makes his first move on a vertex of the local kernel 
L and then can keep on playing vertices of L; no vertex of L can be poisoned and 
A can play safely infinitely many times in L. 
In order to prove the ‘only if’ part, we consider a surviving strategy C for player A. 
We assume that r,‘(x) #8 for every vertex x (otherwise {x} constitutes a local 
kernel). Let us suppose that player B applies the following strategy 0: turn and turn 
about, he poisons the successors of any vertex u played by A. More formally, if vertex 
u, the preceding move of player A, has been visited k times by A, then player B, 
referring to a linear ordering on r,’ (u), poisons the k’-th successor of u, where k’ E k 
(mod(r,+(v)l) and l<k’<lTD+(v)l. It is obvious that A wins if and only if there are 
vertices on which he can play safely infinitely many times (observe that every infinite 
walk in a progressively finite graph contains vertices occurring an infinite number of 
times). Let 3 denote the set formed with the vertices on which A plays infinitely many 
times during the game determined by the pair (C, 0) of strategies. We claim 3 is 
a local kernel of D. Actually 3 is independent (as all successors of x~3; get poisoned at 
some time); also, if vertex x belongs to 3, there must exist in r,‘(rs(S)) a vertex 
y which is played infinitely many times by A. Hence 3 is a local kernel. C! 
Lemma 2. An outwardlyfinite graph is kernel perfect ifand only ifeveryfinite induced 
subgraph has a kernel. 
Proof (cf [4]). Associate to each vertex u of the graph D a propositional variable P,. 
Intuitively, P, is assigned the value ‘true' just if u belongs to ‘the’ expected kernel. The 
axioms are: 
1 (P, A P,,,) for each arc (u, w) of D, 
P, v P,,,, v P,,,, v ... v P,.,,,, for each vertex UE V(D) 
where (wi, w2, . . . . wnc,}=TO+(u). If every induced subdigraph of D has a kernel, the 
system is finitely consistent and therefore consistent and hence there is a kernel 
in D. q 
Corollary 3 (cf. [3] for the finite case). Assume that every odd directed cycle C of an 
outwardly finite graph D has the following property: if all arcs of C are incident to 
a subset T of vertices of C, then some chord of C has its head in T. Then D is 
kernel-perfect. 
Let us recall that an arc of D is a chord of a directed cycle C if it has its endpoints in 
C but is not an arc of C. 
Proof. By Lemma 2, it suffices to prove the finite case. We proceed by contradiction, 
assuming D is a counterexample of minimum order. In D, choose a vertex a, and 
a kernel d of D\a,,. A total ordering of V(D) will be said admissible if a0 is the 
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smallest element and if the elements of { aO> ud are smaller than the remaining 
vertices. No local kernel exist in D (otherwise a set of the form L u K, where L is 
a local kernel of D and K is a kernel of D \ (L u r; (L)) would constitute a kernel of D). 
Hence, by Theorem 1, player A has no surviving strategy for the poison game on D. 
Let us call a strategy for player A admissible if, according to some admissible 
ordering of V(G), each A’s move is the smallest possible legal move. Admissible games 
are games in which A applies an admissible strategy. Every vertex u has a successor 
(otherwise {a} would be a local kernel but a, has no successor in d (since & is not 
a kernel of D)). Consequently, during an admissible game, A plays in { uo} u d as long 
as a0 is not poisoned, hencefore a, is poisoned in every admissible game A looses. Let 
o=~o, h, al, h, a2, . . . . b,, up, a, be the shortest sequence of moves of an admissible 
game that leads to the poisoning of a0 by B. Since {a,, a2, . . . , a,} c &, the minimality 
of 0 implies that the ai’s and his are all distinct. Hence (T is an odd directed cycle and 
all its arcs are incident to { uo} u &. By the hypotheses, some chord of g has its head in 
{ ao} u ~2. This is the required contradiction since D has no arc of the following types: 
(1) (ao, Ui) with i#O (since ~2 is not a kernel of D), 
(2) (Ui, ao) for i#O, p (otherwise B would have poisoned a0 earlier), 
(3) (ai, aj) for 0 # i #j # 0 (since d is independent), 
(4) (bi, aj) for i>j (by the definition of an admissible strategy), 
(5) (bi, aj) for i< j (otherwise another admissible ordering - with ai and aj inter- 
changed - would have led A to choose aj instead of ai at his i+ 1-th move and would 
have permit B to poison a0 in less moves). 0 
Remark. The same strategy applies in various situations (actually in all situations 
where we are able to prove the existence of a kernel: see [a]). For instance, suppose 
that any directed odd cycle of D possesses at least two reversible arcs (i.e. arcs whose 
reversal is also present in D); then D is kernel-perfect (Duchet [2]). The result follows 
for the fact that the strategy described above let player A survive, as soon as the first 
position is choosen in a final strongly-connected component of the graph D’ resulting 
from D after removal of all reversible arcs. 
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